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ABSTRACT 



Bidirectional control of a DC motor is achieved with standard 
power transistors and a simple transistorized pre-amplifier. A 
permanent magnet, DC motor is used as a test vehicle to 
illustrate the feasibility of control without an amplidyne or 
mechanical relay. The "bang^bang" capability of the controller 
to operate as a near-ideal "relay" is emphasized. The inherent 
flexibility allowed in selecting the switching characteristics is 
also demonstrated. The discussion points toward practical 
application and stresses the analysis of tlfe switching 
characteristics and system performance. The feasibility of using 
this controller to operate any other type of standard DC motor is 
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INTRODUCTION 



Recent trends in modem automatic control theory have been 
toward some form, or mode, of optimum control of a plant or system. 
During the past several years the need for better controls in 
industrial, military, and space applications has stimulated a great 
deal of interest in problems of optimal control and system 
optimization. This requirement, together with the evolution of the 
digital computer, has given rise to a design and synthesis concept 
based upon state-space definition of a system and involving, 
most fundamentally, the determination of an extremum of a 
functional. An example of a modern automatic control system is 
digital control with time varying gains for optimum performance 
of a sampled data system. This is the so-called adjoint control 
scheme . Another spectacular instance of an optimum control 
problem is the rendezvous of manned space vehicles and space 
flight in general. [l] 

Modem control philosophy, on the other hand, is the same 
as classical control philosophy except that some of the terms 
have been updated to correlate more closely with the more recent 
theories of modem automatic control. The current philosophy is 
that: 

"Control, even though it functions in a "perfect" fashion, 
can accomplish only so much in a given time. It is necessary 
to have sufficient energy for the system to accomplish the 
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desired performance. With certain acceleration or velocity 
limits, considerably more time is required than if these 
limiting values were higher. "Bang-bang", or other full- 
forward full-reverse systems tending to operate at the 
maximum allowable acceleration can yield significantly 
shorter times to accomplish a given energy-limited type of 
task than can a linear control using the same maximum 
* acceleration limit. The increases in energy and/or power to 
improve the response time capabilities of a controlled system 
appear to be of the order of the squarJor cube of the 
proportional decrease in time involved. Depending on the 
energy capabilities of a control system relative to its control 
capabilities, one can provide the greatest improvement in 
response of the system by reducing the time required by the 
control portion or the energy portion, depending on which 
tends to provide the greatest limitation on the system 
performance. In effect this means that the greatest improve- 
ment in the response of the system may be obtained by 
improving the limiting item , bbe it energy or control . " [2] 

This philosophy points directly to the subject of this thesis. 

The standard DC motor has long been established as a prime 

mover in a wide variety of servo systems. Navy usage includes 

antenna drives, gun drives, and director drives, to cite a few 

common examples. For any given motor, if the system has 

acceleration or velocity limits, the "optimum" bidirectional 

performance is achieved by "bang-bang," or relay, control. 

Hence for this case, a "perfect" controller is an ideal rel^y. In 

practice a linear saturating control mode may be needed. 

The major objective of this thesis was to transistor 

synthesize an ideal relay; the very essence of "optimum" control. 

The transistors have the obvious advantage of being small and 

light . An ideal relay for control of a DC motor will eliminate 
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dead zone, hysteresis, and contact arcing. If power transistors 
are used then there is the possibility that this transistor "relay" 
will have sufficient gain to replace the conventional amplidyne , 
or at least to provide an alternate means of providing armature 
current. This latter consideration prompted the selection of a 
permanent magnet, DC motor, as a test vehicle. 

The test circuit eventually selected was the Darlington 
configuration and complementary symmetry. It appeared that this 
circuit could control any standard DC motor. It was simple and 
cheap, because the transistors were readily available from any 
distributor and they had no special switching features. 

In view of the primary objective, great attention and emphasis 
was focused on the switching characteristics because system 
performance will be optimum in the same sense that the switching 
characteristics are perfect. However, all of the usual performance 
observations were made to provide a point of departure for 
practical applications with this type of motor. 

Another leading objective was to provide flexibility in select- 
ing the switching characteristics. Control of dead zone, and gain 
control from linear operation up to an ideal relay, were sought. 
Hence considerable effort was expended to determine what para- 
meters could be adjusted to provide this flexibility and to other- 
wise analyze the causes of the switching characteristics, whatever 
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they might turn out to be. It was anticipated that these features 
would be extremely desirable for a multi-purpose, modular type 
of "relay" that could be used interchangeably throughout a given 
installation in a wide variety of switching modes. And it was 
also assumed that such a flexible "relay" might find wide 
application as a classroom demonstrator and/or an education and 
research aid in servo laboratories. It was felt that if the final 
production model could |iifill any of the various objectives then 
this thesis would be a significant contribution to the art and 
science of DC motor control, especially if ideal relay character- 
istics could be realized. 
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I 

THE TWO TRANSISTOR "RELAY" 

1 . The experimental system 

The experimental system is shown in block diagram form in 
Fig. I— 1—1 . The basic two transistor "relay" consists of a 
complementary symmetry pair with the armature circuit of a 
permanent magnet, DC motor as their load. The 75 ohm and 50 ohm 
resistors serve to balance the voltage gains of the two transistors 
and to increase the input impedance of the circuit so that the 
preceding power amplifier has a satisfactory impedance match. 

The current gains of the two transistors are about 35 when operated 
at six volts supply voltage. Since the starting current of the 
motor at six volts is 2.5 amperes, the power amplifier must be 
capable of delivering about 75 milliamperes into a load of less 
than 100 ohms. The transistors are rated at 150 watts with a 
maximum collector current of 10 amperes and a maximum collector 
to emitter voltage of 65 volts. The base to emitter input 
resistance is nominally 10 ohms and the maximum base current 
is two amperes. [^J The transistors were mounted on a common 
heat sink. 

The "relay" driver was a Hewlett-Packard 467A DC power 
amplifier rated at 20 volts and 10 watts. This amplifier was not 
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considered part of the "relay" because of its high cost and poor 
saturation characteristics. 

Since the HP467A power amplifier does not have a summing 
- junction and has a maximum gain of 10, a Philbrick, chopper 
stabilized, DC amplifier was used for tachometer and position 
feedbOakV . This amplifier performed quite satisfactorily when 
not allowed to saturate. An additional Philbrick amplifier was 
used to enable recording proper polarity of signals. 

The DC, permanent magnet, servo motor manufactured by 
Electrocraft Corp. , was used because of its low cost, lack of 
cogging and built-in tachometer. Motor characteristics are shown 
in Fig. 1-1-2. Unfortunately, it was not feasible to use the built- 
in tachometer because of excessive noise on its output at the high 
shaft speeds involved. An inertial mass of 100 grams was placed 
directly on the motor shaft. This gave an inertial load of 0.2 lb. 
in. . A shunt resistor (diodes) was inserted in parallel with the 
armature to limit transient effects. 

The gear train was made up from Mark 1A analog computer 
surplus parts and had a 29.62 reduction factor to the potentiometer. 
The gear ratio from the potentiometer to the tachometer was 
reduced by 51 to 33. The gears were hand picked to minimize 
backlash. 
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The external tachometer was an Elinco DC permanent magnet 
generator which generated three volts per 100 rpm. Therefore, 
the intrinsic tachometer gain, K t , is (3x33)/51 volts per 100 
revolutions per minute of the output shaft (potentiometer) . 

Both the Brush Recorder and the oscilloscope were used to 
record data. Because of the noise introduced by the high speed 
transistor switching, it was necessary to use a 200/(s+200) RC 
filter on the inputs to the oscilloscope. For uniformity, a similar 
filter was used on the Brush Recorder. 
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2. Observation of switching characteristics 

The system was operated open loop with a triangular driving 
function and performance was principally observed on the 
oscilloscope. Within the range of low frequencies of interest, 
it was found that the Philbrick operational amplifier introduced 
some phase shift, when driven into saturation, because of an 
inherent time lag in returning to linear operation. There was also 
a phase shift from the Hewlett Packard power amplifier, when 
driven into saturation, because of its spurious response to a 
saturating signal. Hence care was taken to select combinations 
of gain, and of amplitude of the input signal, so as not to 
saturate either of the amplifiers. This limited the magnitude of 
the output voltage from the power amplifer to less than 20 volts. 
This upper limit is henceforth referred to as e pa- 

Being thus assured that there was no phase shift from the 
amplifiers, E^ n at the base resistors versus e Qut at the motor 
terminals was observed, henceforth referred to as e^ vs e m . A 
phase shift phenomenon was observed having the typical shape 
of a hysteresis loop. To help locate the source of this hysteresis 
effect, a slide wire rheostat was substituted for the motor and 
adjusted to draw approximately the same magnitude of current as 
the motor. Then e^ vs e^ was observed with e^ ranging in 
magnitude up to Ep^, and in frequency up to 100 Hz. No phase 
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shift was detected, hence the hysteresis effect could be 
attributed to neither the unregulated power supplies 
(batteries) nor the the time required for the transistors to 
come out of saturation. Fig. 1-2-1 (a) is a time exposure of 
a typical trace. The faint second image is caused by a 
mirror in the Polaroid camera mount. Since a negative e^ 
causes a positive e^, and vice versa, the figure is correctly 
depicted as -e^ vs e R . Hence the right half is the PNP side 
of the circuit. It contributes a smaller portion of the dead 
zone because it is a germanium transistor with a typically 
smaller value of Vbe required to initiate conduction than its 
silicon counterpart in the left half of the figure. Neglecting 
the effect of the base resistors for the moment, it is 
apparent that this value of Vbe is analogous to "pull-in" 
and "drop-out" voltage in mechanical relay vernacular. 
Although there is no phase shift, it should be noted that 
the unregulated power supplies (batteries) do cause the load 
lines on the transistor characteristics to curve in direct 
proportion to the degree of the lack of regulation, thus 
contributing to the non-linear slopes of the gain character- 
istics of the transistors, henceforth referred to, collectively 
or individually, as 1^. The dead zone is seen to be about 
one volt wide, and the non-linear gain zones are each 



19 



about 1.5 volts wide, up to Vce 



sat* 

FigPit-2-1 (b) is a time exposure of ej^ vs e R where R has 
been increased to about 25 ohms. This is roughly ten times 
the armature resistance. This increase causes a flatter load 
line on the transistor characteristics and a corresponding 
direct increase in k x , up to Vce ga ^ . This graphically 
illustrates that one way to more nearly approximate a relay 
is simply to add resistance in series with the armature and 
accept the reduction in efficiency. Motor speed can be held 
constant by an increase in the supply voltage proportionate 
to the resistance thus inserted. The limit, as always, is 
the maximum power capability of the transistors (or possibly 
the power supplies) . 

Since reactive loads introduce phase shifts as a function 
of frequency, the motor was reinserted into the circuit and 
locked rotor observations of e^ vs e m were made to ascertain 
any possible phase shifts that could be attributed to the 
inductive load. As in the resistive load tests, ej ranged 
in frequency up to 100 Hz. But was held constant at 
about .2 Ep^. Fig. 1-2-2 is a series of time exposures of 
the traces obtained. A phase shift first appears at about 
two Hz and increases with frequency thereafter. The phase 



shift on the NPN side is consistently slightly greater than 
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on the PNP side because of the greater Vce sat of the silicon 
NPN transistor. The magnitude of the inductive transients 
increases until, at 100 Hz, it is larger than E m and there- 
after is effectively clipped by the shunt resistor (diodes). 

Also, in accordance with transistor theory, the width of the 
hysteresis loop is virtually uniform at each frequency, and 
k x increases with frequency. 

Now, with the rotor free, if the hyseresis loop is 
different than with the rotor locked, then there has to be a 
back emf effect causing changes in the collector voltages 
during portions of the cycle, which translate into shifting 
load lines and a hysteresis effect somewhat analogous to 
reactive loading. Fig. 1-2-3 is a series of time exposures 
of the traces obtained for the various amplitudes and 
frequencies of e^ indicated. The hysteresis loop is indeed 
very much different. First, observe that k v , and dead zone, 
remain, fundamentally, functions only of the transistor 
characteristics and the unregulated power supplies. The 
width of the hysteresis loop, a variable hereafter referred to 
ash, at frequencies of e^ up to two Hz (wherein it has been 
established that there is no phase shift from inductive loading) 
is slightly less on the NPN side. Since the back emf is a 
function of the motor speed, and hence proportional to 
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conduction time and voltage gain, then the NPN transistor 
either conducts for a shorter period of time, or has a smaller 
voltage gain, or both. The shorter conduction time has 
already been established. because of the asymmetrical dead 
zone. It was determined from steady state speed observations 
that the motor always turned faster when operated from the 
PNP side. This is because the PNP transistor has both a 
higher current gain and a smaller Vce o= . . Therefore the 
voltage gain on the NPN side is the lower of the two and 
thus the speed here is reduced because of both conduction 
time and voltage gain disparities. One obvious way to match 

performance is to insert a resistance in the PNP collector 

i 

circuit. But this detracts from both efficiency and performance 

of this half of the circuit, so a better way to match 

performance is to change the NPN transistor so as to improve 

performance on this half of the circuit. Substituting an NPN 

transistor with enough current gain to offset the disparities 

in conduction time and Vce . ^4ffifmatch the maximum 

sat 

speeds attained on each half of the cycle, but unless the 

substitute is a germanium transistor with exactly the same 

a 

value of Vbe required for conduction and precisely the same 

Vce as the PNP transistor, then k„ for the NPN can not 

9dt x 

have the same shape as k x for the PNP, and the distance 
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traversed during each half of the cycle cannot be matched. 

So a prerequisite to having a "perfectly matched pair" is to 
use a germanium NPN transistor. An extensive search of most 
major manufacturer's catalogs and price lists, and several 
informal inquiries of both retail and wholesale distributors, 
failed to locate a germanium NPN transistor with more than 
a fraction of the desired power rating. Since a "perfectly 
matched pair" is a purely theoretical possibility, it was 
decided to continue to use the original silicon NPN transistor, 
in spite of the imbalance, and attempt to reduce any 
unacceptably deterious side effects to a tolerable level by 
modifications in the supporting circuits, if possible. 

Returning to the observations that may be made in 
Fig. 1-2-3, h was reduced on the NPN side as a result of 
both shorter conduction time and less voltage gain. At 10 Hz 
there is essentially no back emf effect because the hysteresis 
loop here is practically identical to the hysteresis loop at 10 
Hz for the locked rotor (Fig. 1-2-2). Of course this must be 
true because as f -»oo , the motor responds less and less 
until eventually there is no movement at all , and the locked 
rotor condition has thus been reestablished. 

Continuing with Fig. 1-2-3, throughout the range of f^, 
h increases with and, up to 2 Hz, varies inversely with f^. 
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Hence, in general, the back emf effect on h increases with 
amplitude and decreases with frequency of the input signal. 

At frequencies greater than two Hz, but less than 10 Hz, h 
is a composite of the back emf effect and the inductive 
loading effect. At 4 and 5 Hz,, the hysteresis loop crosses 
itself. Hence, at these frequencies the back emf effect has 
the opposite polarity of the inductive loading effect such 
that the net phase shift is practically zero. It is concluded 
that the location on the hysteresis loop where the back emf 
applies, can change, such that at about 4 Hz and higher, 
although h continues to steadily decrease with frequency, the 
back emf effect can produce phase shifts in the opposite 
sense to those at lower frequencies, at least during part of 
the cycle, if not throughout. Hence the hysteresis loop can 
cross on itself or, perhaps, even invert completely and 
produce a phase shift of an opposite sense to that at lower 
frequencies, throughout the cycle. At lower frequencies, 
say .6 Hz, it is also noted that the slope of the hysteresis 
loop across the dead zone is steeper than at higher frequencies, 
thus showing that the slope here varies inversely with 
frequency. And, finally, noise appears for the first time on 
e m , being most apparent at the lower frequencies. It was 
concluded that this was typical brush noise. 
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Fig. 1-2-4 illustrates that at very low frequencies, the 
width h no longer varies inversely with frequency. Indeed, 
the converse appears to be true. However, this is deceiving 
because, in reality, at this extremely low frequency the motor 
does not reverse direction cleanly but tends to have a stop and 
go, creeping motion. This allows stiction effects to persist, 
thus invalidating any practical analysis because a nearly 
constant dynamic friction load throughout most of the cycle 
must be assumed at the onset of any practical analysis. 

Hence the observations made from Fig. 1-2-3 are valid only 
for f^>-f 0 , where f is the minimum frequency at which a 
clean motor reversal will occur. It was found experimentally 
that f Q was about .02 Hz. Note also from Fig. 1-2-4, the 
characteristic small hitch in e m caused by the motor physically 
reversing on each side of the dead zone. This reversal is seen 
to occur very nearly in phase with e^. 

Next refer to Fig. 1-2-5. Note that the slope of the 
hysteresis loop across the dead zone is inversely proportional 
to E^. Observe that the characteristic small hitch in e m , 
which occurs when the motor physically reverses, now appears 
later in the cycle , very near the saturation point . Indeed , it 
is now obvious that this small hitch also occurs at the higher 
frequencies shown in Fig. 1-2-3, but is not visible because 



it has moved into the saturation part of the cycle. This small 
hitch is caused by the composite action of the host of non- 
linearities affecting, mainly, the load torque at this crucial 
time. Some examples of the non-linearities are stiction, 
friction and backlash. Fig. 1-2-6 is a double exposure 
showing the performance of each transistor acting alone. The 
greater motor speed on the PNP side is apparent. Also the 
back emf is seen to decay almost linearly. It is apparent 
that the slope of the hysteresis loop across the dead zone is 
directly related to this back emf decay characteristic . 

To better understand Why the back emf influences the 
shape and magnitude of the hysteresis loop, it is necessary 
to examine the interaction of the many parameters involved. 

The back emf, being a function of the motor speed 
attained, depends mainly on conduction time and voltage gain. 
Due to the inertial load the motor coasts after being switched 
and acts as a generator. This back emf will have a polarity 
such that, in accordance with Lenz's law, it will attempt to 
induce current to flow in the armature to prevent the armature 

i 

current from decreasing. Hence the pblarity of the back emf 
will always be such as to keep the polarity of the voltage drop 
across the motor constant. As long as the back emf persists, 
the collector voltage on the side coming out of conduction 
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will be the difference between the battery voltage and the 



back emf , whereas the collector voltage on the side coming 
into conduction will be the sum of the two. On this opposite 
side the back emf attempts to induce current flow in the 
armature to oppose the increasing i c . But here, on the 
underside of the hysteresis loop, due to the decay of the back 
emf from friction and windage , and the counter torque 
produced by the reversal of the armature current, the magnitude 
of the back emf effect on h will be typically much less than 
on the side coming out of conduction. Hence outside of the 
dead zone, the back emf affects the collector voltages 
directly, causing variations in i c , and forcing the load lines 
to shift in response to the instantaneous collector voltage, 
e c . This shifting of the load lines causes the loci of the 
operating point to describe a curvilinear path while there is 
a back emf. But during part of the cycle the motor is speeding 
up and then the operating point follows either a resistive or 
an inductive load line, depending on the frequency. It is 
easy to visualize that the closed path of the operating point 
will contain some distinctive area because the load line for 
e^ increasing is different from that for e^ decreasing. The 
shape and magnitude of this enclosed area is reflected directly 
in the shape and area of the hysteresis loop. 
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As long as remains clear of the dead zone, the back 
emf will have some limited success in its efforts to induce 
armature current. But when ei enters the dead zone, i c must 
stop flowing, regardless of what e c is doing, and the voltage 
on the motor is then equal to the back emf. 

Now it is apparent why the back emf affects the hysteresis 
loop. But voltage gain is nearly constant, hence h is affected 
mainly by conduction time. This explains why h increases 
with e^ and varies inversely with frequency. The slope of the 
hysteresis loop across the dead zone depends on the back emf 
decay and must, therefore, increase directly with the length 
of time e^ spends in the dead zone. Hence the slope here 
varies inversely with both amplitude and frequency of e^. 

A further refinement in the manner in which h varies with 
e^ can be made as follows. Each increase in e^ will not 
produce a proportionate increase in h because the slope of e^^ 
increases less and less as e^ approaches Ep^. Also, at some 
critical low frequency, the motor will just barely reach the 
maximum speed possible at e^ * Ep^. At lower frequencies 
the motor will reach its maximum possible speed when e^-cEp^ 
because now the conduction time required to reach maximum 
speed can be exceeded at, say, e^ = Ep^. So the most precise 
way to describe the effect of e^ on h is to say that when h 
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increases with e^, the increase becomes ever less with either 
increasing e^ or frequency, and, depending on some low 
critical frequency, h can cease increasing with e^ altogether, 
and become constant thereafter; this effect increasing with 
lower frequencies. 

For second, and higher, order systems the velocity lag 
increases with frequency, hence the physical reversal of 
this motor, which is dominantly second order, can lag by as 
much 90 degrees at low frequencies. Although the magnitude 
of the back emf effect on h must continue to decrease with 
increasing frequency because of the conduction time effects, 
the portion of the hysteresis loop where the effect applies 
will change. As frequency increases the velocity lag 
increases and more of the back emf effect is applied to the 
transistor coming into conduction. The rate of this change to 
the opposite side will depend on the order of the system and 
the location of the poles. At any rate, the net effect of this 
shifting of the portion of the hysteresis loop to which the back 
emf applies will be to alter the resulting phase shift because 
the back emf affects the opposite side transistor differently 
than the transistor coming out of conduction, as explained 
earlier. Indeed, the velocity lag does not have to be very 
large before this opposite side shifting effect on the hysteresis 
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loop shape will become appreciable. One can theorize that 
somewhere above 45 degrees phase shift, the shift will be 
great enough to cause a pronounced change in the hysteresis 
loop because now the back emf effect acts, every more 
dominantly, on the underside of the hysteresis loop instead 
of on the top side. If k x is affected so that h is not uniform, 
then this opposite side shifting effect will cause phase shifts 
in both directions on either half of the cycle such that the 
hysteresis loop can cross on itself. Further velocity lags 
would cause all of the back emf effect to be applied to the 
underside of the hysteresis loop and then the phase shift, 
although necessarily much less because of the counter 
torque, would be entirely in the other sense and the crossing 
over of the hysteresis loop would cease. One can predict 
that for a fifth order system this phenomenon would be 
reenacted as the hysteresis loop returned to its original 
sense, and shape, with a 360 degree shift in velocity lag. 
However, by this time the frequency would probably be so 
high that the back emf effect would be lost. 

To complete the analysis of how the back emf effect is 
reflected in the hysteresis loop, the effect of back emf on 
k x must be considered. Since the load lines shift differently 
for increasing and decreasing e^, the loci of the operating 
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point cannot describe symmetrical paths. Since the trans- 
sistor curves are nonlinear, k x on the underside of the 
hysteresis loop will be different than k x on the top side. 

The opposite side shifting effect accents this feature because 
the rate of decay of the back emf at the opposite side 
transistor is quite rapid, comparatively, thus causing the 
operating point loci to curve more rapidly here than when the 
transistor is coming out of conduction. Since the opposite 
side shifting effect increases with frequency, the lack of 
uniformity in h will also increase very slightly with frequency. 
Inductive loading will subtract on the underside of the 
hysteresis loop, and add on the top side, to further increase 
and compound this lack of uniformity and the resulting cross- 
over/cancelling phenomenon. 

An attempt to write the analytical equations for the 
hysteresis loop would lead to a set of nonlinear differential 
equations with many variables and much interdependence, or 
cross coupling. Some variables, such as the effect of 
temperature changes on the transistor characteristics, could 
safely be ignored, and others could be approximated; but it 
appears that even then the only practical way to solve such a 
set of difficult relationships would be with a digital computer. 
In view of the work involved, and since the hysteresis loop 
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can be interpreted without the analytical expression, no attempt 
was made at writing this set of equations. 

Throughout the observations of the switching characteristics 
it was observed that whenever either the frequency or the 
amplitude of the triangular driving function was appreciably 
changed, the DC balance of the generator would change slightly. 
Hence the asymmetrical distribution of the dead zone appears 
to wander from picture to picture in Fig. 1-2-1 through Fig. 1-2-6. 
The dead zone is, in fact, fixed. Besides being a function of 
the transistor characteristics, the dead zone is increased by 
the base resistors. 

If the base resistor, R^, is small, then there will be 
essentially no voltage drop across it until the transistor starts 
to conduct at its tum-on voltage. Hence for small its 
effect on dead zone is negligible and both pull-in and drop- 
out voltages are dictated by the turn-on voltage. However, 
there is some small amount of base current flowing in the dead 
zone. So, as R^ becomes large (greater than 1000 ohms) there 
will be a small increase in the critical value of external tum- 
on voltage , thus expanding the dead zone . 

When the transistor conducts, both base current and 
collector current increase. So, depending on the magnitude 
of the base current, there will be a voltage drop of some 
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magnitude across and the voltage gain up to Vce gat 
decrease. A theoretical approximation of voltage gain, using 
h parameters, has in both the numerator and the denominator 
in such a fashion that increasing R^ increases the denominator 
slightly more than the numerator. This prediction was verified 
experimentally. As with the dead zone expansion, R^ has to 
be more than 1000 ohms to appreciably change k x , up to Vce o , 
More than a few thousand ohms will appreciably flatten k x 
and unless the gain of the amplifier in increased, the trans- 
istors will not saturate and operation will be qua si-linear. 

These R^ features can be used to vary both dead zone and 
voltage gain. With variable resistors in each base circuit, 
separate adjustments could be made to both sides of the 
circuit. With a single variable resistor inserted ahead of 
the base junction, both sides could be affected simultaneously. 
Hence a wide variety of switching characteristics could be 
synthesized. But even if there were no hysteresis effect, the 
great drawback to this scheme is that dead zone increases as 
voltage gain decreases. It may be possible to design a 
circuit to circumvent this dual action, but this circuit will be 
more complicated than the original. The practical value of 
such a circuit is questionable, especially because R]-, detracts 
from the relay action. 
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It is obvious that if this basic two transistor test circuit 



were modified to remove the dead zone, then a variable 
might hold more promise as a vehicle for adding flexibility 
to the switching characteristics in the control loop. Removing 
the dead zone would also eliminate much of the hysteresis 
effect. 
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3. The describing function [4, 5 ] 

The describing function, G D ' for this system was sought, 
primarily, to determine if there was any intrinsic property of 
transistor "relays" that would prohibit either the collection 
of data to compute a describing function (if desired), or the 
interpretation (and use) thereof, once it was found. If the 
required measurements can be made, and Gp reflects the 
composite nonlinearities of the system, then the normal use 
of Gq can be assumed. It was hoped that such an attempt 
at interpretation would provide a deeper insight into the 
relative importance of system parameters, thus assisting 
with the synthesis of an improved production model. Also, 
if Gp corresponded with the composite nonlinearities, it was 
anticipated that application of the established describing 
function techniques for interpretation of frequency responses 
and, possibly, transient performance, might also help with 
this ultimate synthesis objective. 

This system has the common property of all type one 
control loops in that the open loop output voltage, either at 
the motor shaft or at the potentionmeter, cannot easily be 
determined directly due to position drift. Since noise prohibits 
the employment of the internal tachometer for measurement 
purposes, the external tachometer at the output of the gear 
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train was used. Open loop data at frequencies of .6 and 2 Hz 
was coliected using the Brush Recorder, and the usual 
computations were made. Fig. 1-3-1 is a plot of these 
describing functions on a Nichols chart. The phase angle 0" 
includes a -90 degree shift to correct for the tachometer. 

1 has been shown, as usual, so that the effect of gain 

g d g 

changes on the forward transfer function may be correlated 
directly . 

The closed loop method for determining the describing 
functions, utilizing the M and N contours, was also attempted, 
but the results were inconclusive. This is normally the case 
with low order systems because poor filtering allows 
harmonics to distort the error signal. 

In order to ascertain if Gj-) correctly depicts the composite 
nonlinearities of the system, the effect of the hysteresis loop, 
-e^ vs. e m , of the preceding section, must be determined at 
the potentiometer. The difficulty, as before, is that the 
switching characteristics are a function of the load, both 
electrical and mechanical. Hence the nonlinearity cannot be 
isolated from the linear portion of the forward transfer function, 
and tested separately. So e^ vs. e s ^ a £ t must be deduced from 
-ej vs. e m . Then any nonlinearity between the shaft and the 
potentiometer must be added to this new hysteresis loop, and 
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if EpA is exceeded, this nonlinearity too must be taken into 
account in order to eventually find e^ n vs. e out , the net 
hysteresis loop. The behavior of this net hysteresis loop 
must be correctly reflected in G^. 

Because of the motor dynamics, e^ vs. e s will have a 
variable width h 1 which varies in the same manner as h, and 
for the same reasons. The shape will be contorted, and the 
degree of contortion variable, again in a manner analogous 
to e^ vs. e m . The characteristic area and the overall form 
will, of course, be quite different. This new hysteresis loop 
will vary in height and it will have an overall changing tilt. 
But whatever its shape, between the shaft and the potentio- 
meter the backlash, b, will simply increase the width of 
e^ vs. e s on each side by an amount b/2. Care was taken to 
eliminate binding and reduce friction to a minimum, so the 
major nonlinearity between shaft and potentiometer is back- 
lash. This too was minimized as much as possible for a 
simple, crude gear train. So bounce may be safely neglected. 
Also neglecting the elasticity of gears and shafts, motor 
bearing and brush friction, armature reaction, and other 
similar minor effects such as temperature effects on transistor 
characteristics, a fair estimate of the width of the net 
hysteresis loop has to be: h 1 + b, where b is a constant and 
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h‘ is directly proportional to amplitude of input signal and 
inversely proportional to frequency, in the same sense as h. 
For Ej^EpA, another refinement to this general character 
must be added. 

For a theoretical describing function, the only cause of 
a relative phase shift is some kind of hysteresis effect. This 
relative phase shift always contains the ratio of hysteresis 
width to input magnitude in such a fashion that in the limit, 
as the amplitude of input approaches infinity, the relative 
phase shift approaches zero. The magnitude of the describing 
function usually contains this ratio also, in such a fashion as 
to change with hysteresis width and shape. 

Returning to Fig. 1-3-1, the hook in the describing 
functions at high amplitude is caused from the power amplifier 
being saturated. Bht the honlinearity from the saturating 
power amplifier was observed to be time varying, and thus 
the describing function here has no meaning because a funda- 
mental restriction of describing function theory is that the 
nature of the nonlinearity be time invariant. 

For Ei<EpA, the relative phase shift should be dominated 
by the ratio h'+ b . At . 6 Hz h' is greater than at 2 Hz (for any 

Ei, 

common E^) so there is more relative phase shift at the lower 
frequency. At either . 6 or 2 Hz, E^ contributes to h' in a 
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graduated, decreasing matter. So for E i small, there is more 

increase in h' with increasing than for E^ large, and the 

effect will be most pronounced at the lower frequency. Hence 

the phase shift at . 6 Hz is quite rapid at small E^ At 2 Hz 

the frequency effect makes h' so small that there is, 

comparatively, a minor phcise shift in the range of allowed 

gain, in spite of the E^ contribution to h' . At . 6 Hz, as h' 

becomes nearly constant for increasing E. , the ratio h' + b 

1 F. 

decreases ever faster in the same graduated matter, thus 
making the relative phase angle change rather abruptly toward 
zero. 

For a hysteresis loop of this complexity, Gj^ is almost 
certain to have h' + b in the magnitude expression somewhere . 
And Gp should contain terms to account for the lack of 
uniformity in the width h' , caused by the variations in 1^. The 
dashed straight lines in Fig. 1-3-1 connect points of equal E in< 
The top two lines are in the region of zero relative phasq shift. 
They are not parallel, and hence G^ does indeed reflect the 
effects of frequency changes. 

Further speculation over the causes of the various effects 
appearing in Fig. 1-3-1 is prohibited because of the general 
inaccuracy of the phase data, an intrinsic property of all but 
the very simplest describing functions. However, it is 
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submitted that the general observations are sufficient to 



conclude that the describing function does correctly reflect 
the composite non-linearities of the system. The usefulness 
of the describing function technique is limited, however, 
mainly because of its frequency dependence. 

The large range of amplitude available wherein there is 
practically no relative phase shift is particularly encouraging. 
This shows that the hysteresis effect on relative phase shift 
can be small, at least in the range of frequencies from some- 
where less than . 6 Hz up to where inductive loading becomes 
an important factor. The hysteresis effect on magnitude., 
however, emphasizes the general desirability of eliminating 
the hysteresis effect altogether. 
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4. Open loop frequency response [4, 5j 

The open loop frequency response of the system was taken 
by driving the input with a sine wave and by measuring the 
output at the external tachometer. Fig. 1-4-1 shows the 
results with the " relay " , and Fig. 1-4-2 from driving the motor 
directly . 

An examination of the data reveals that the 3 db bandwidth 
with the "relay" is about 0.53 cycles per second greater than 
that for the motor driven directly. The two bandwidths are, 
respectively, 0.83 cycles per second and 0.3 cycles per 
second. The "relay" system gives greater bandwidth because 
more volt-seconds per cycle are fed to the motor, allowing 
the motor to reach higher speeds for the same peak input 
voltage . 

Upon further examination of the data, it is found that 
the phase curves do not correlate with the relative response 
curves. The midfrequency data becomes very rough indicating 
the possibility of a zero created by torsional forces, which in 
turn can be accounted for by having an inertial load on each 
end of the motor. Also, it is seen that generally the phase 
lag is about 10 degrees more than it should be. This could be 



due largely to the backlash of the gear train. 



Referring to Fig. 1-4-2, the data suggests that K 

S[S + .3 (2T TJ] 

is a good approximation to fit the response curve. If the phase 

curve is used, the transfer function would be more nearly 

K 

s [s + . 5 (2 7 T)] 

In any event, except for the backlash, the open loop 

system is predominantly second order. Referring to Fig. 1-4-3, 

the open loop speed response to a step input to the motor, it 

is seen that one time constant is approximately 1/3 second. 

This substantiates use of the K transfer function 

s js + . 3 (2 1T)J 

for the motor and gear train. 

While observing the open loop frequency responses, it 
was discovered that the major source of noise on the internal 
tachometer was due to transformer coupling with the armature. 

The effective turns ratio is about 6 to 1. Hence for every 
6 volts appearing at the motor terminals there is roughly 1 volt 
of inductive feedover to the tachometer side. All transient 
effects, and noice in general, from the armature circuit appear 
on the tachometer side, plus the tachometer's intrinsic noise. 

The adverse effect on both magnitude and phase prohibits 
using the internal tachometer for any measurements, and 
seriously detracts from closed loop performance with the 
internal tachometer. 
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5. Closed loop frequency response J* 4, 5j 

Closed loop frequency response data was taken using the 
circuit configuration shown earlier in Fig. I— 1—1 . 

The value of 20 for the linear gain was chosen because 
it is less than the limit cycle gain but enough to clearly 
illustrate underdamping. 

From Fig. 1-5-1, it can be seen that the closed loop 3 db 
bandwidth is about 1.5 cycles per second, and 1.3 times 
greater than the open loop bandwidth, as can be anticipated. 

An interesting phenomenon known as jump resonance 
(soft-spring type) is a characteristic of this lightly damped 
system. Fig. 1-5-2 is an expanded plot of closely taken data 
to show the details of the jumps. This is a commonly 
encountered property with non-linear systems. 
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6. Phase Trajectories [ 4 , 5 



Several phase trajectories were recorded at various gain 
settings, both with and without tachometer feedback. In 
these photographs e is taken at the potentiometer and e dot is 
taken at the external tachometer. Refer again to Fig. 1-1-1 
for the block diagram. Since the oscilloscope is a wide band 
recorder, a low pass RC filter, 200/(s + 200), was inserted 
in the vertical circuit to reduce clutter due to noise from the 
external tachometer. It was verified that the Brush Recorder 
could also be used to obtain a hand-drawn phase trajectory. 

In Fig. 1-6-1, the use of diodes to increase the dead 
zone is illustrated. The number which may be used depends 
on the error voltage available and on the forward voltage drop 
of the diodes. 

<0 V 




The phase plane photograph depicting the diode effect on 
dead zone is shown in Fig. 1-6-2. 



5^4 



For the case of position feedback only, Fig. 1-6-3 shows 
the effect of different values of forward gain. Fig. 1-6-3 (a) 
is for K p =2 , a value so low that linear operation is maintained. 
Fig. 1-6-3 (b) and Fig. 1-6-3 (c) depict "relay” operation. 

Figures 1-6-4 through 1-6-6 show how position and rate 
feedback, applied together, shape the system response . Note 
the "bang-bang"" control shown by Fig. I-6-4(c) and the tilting 
of the dividing lines shown so well by Figures 1-6-5 and 1-6-6. 
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7. Transient responses 1 4, 5 



To add credance and substance to the observations and 
deductions made in earlier sections, time responses to 
various input signals were observed on the Brush Recorder. 

The broad effects of tachometer feedback and cascade 
compensation were also investigated. 

Fig. 1-7-1 (a) is the closed loop system step response 
with unit position feedback for the NPN half of the cycle, 
and Fig. 1-7-1 (b) is for the PNP half. The system is slightly 
underdamped. The greater voltage gain on the PNP side is 
immediately apparent . 

Fig. 1-7-2 is the open loop step response of the 
individual transistors. Dead zone and hysteresis effects on 
the collector voltage slopes are obvious. 

Fig. 1-7-3 shows the overall effect on the closed loop 
system step response of increasing the amount of tachometer 
feedback. System response to increasing feedback gain on 
the tachometer channel appears to be entirely conventional. 
The nominal forward gain was held constant at k a = 20. 

Fig. 1-7-4 illustrates that the effect of cascade 
compensation is very similar to that of tachometer feedback, 
and that this system may be compensated in the usual manner. 
The lead compensator was inserted between the Philbrick 
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amplifier and the power amplifier. Filter components were 
purely arbitrary. The filter transfer function was ^ : 'J ) — • 

Fig. 1-7-5 shows the open loop triangular response at 
the motor terminals. Dead zone and hysteresis effects on 
the slopes are again obvious. The hitch caused by the motor 
reversal is plainly visible. Note that the frequency is .02 Hz, 
the approximate lower limit on frequency for a clean motor 
reversal. 

Fig. 1-7-6 shows the error signal with a triangular input. 
Dead zone is again apparent. The appearance of harmonics 
on the error channel is plain. Note that noise increases 
directly with tachometer feedback as would be expected. 
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II. THE FOUR TRANSISTOR "RELAY" 

1 . The experimental system 

The experimental system is shown in Fig. II— 1 — 1 . The 
two main power transistors , the motor with gear train and 
inertial load, the potentiometer, and the external tachometer 
were retained from the simpler circuit used in Chapter I. The 
2N1306 and the 2N1307 transistors were cascaded with the 
main power transistors to form a Darlington, complementary 
symmetry amplifier. These were added to increase the current 
gain from about 35 at six volts to about 2500-3000 at 12 volts. 
The gain disparity continued to favor the PNP side. Transient 
armature current at 12 volts was about 3.25 amperes, hence 
the main power transistors were operated up to roughly 1/3 
to 1/2 their rated power. This was sufficient to cause some 
heating, but temperature effects remained negligible except 
when operated continually with tachometer feedback for more 
than about 30 minutes. The cascaded transistors were also 
mounted on a heat sink. The five ampere fuze was added for 
transistor protection. The indicator lights were incorporated 
for no-load testing, quick visual identification of which side 
was conducting, and other demonstrative purposes. They 
proved to be a valuable visual aid in seeing the lag of the 
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output shaft. The 12 volt supply was used because higher 
voltages were required to reduce mechanical effects and to 
increase the steady state speed. A higher voltage power 
supply was not available at the required current level of 
about four amperes. 

The potentiometer voltage was nearly doubled to 80 volts 
to increase sensitivity and to reduce the amplifier gain 
requirements. The common base resistor, = 220 ohms, 
was inserted for impedance matching with the driving 
amplifier. This was adjudged to be the minimum value 
feasible without exceeding a tolerable level of distortion. 

The shunting diodes were superseded by a 10 ohm resistor 
to cope with the increased transient effects. This too was 
an engineering compromise between performance and efficiency. 
Approximately 20% of the available power was thus dissipated 
as heat. A 200/(s + 200) RC filter was used for recording 
the tachometer signal as before. 

The principal purpose of using the full Darlington 
configuration was to eliminate the need for a power amplifier. 
With this four transistor "relay", current gain was sufficient 
to operate the system closed loop with no driving amplifier. 

But performance under these conditions was very sluggish. 

The system was also driven using only the Philbrick amplifier 
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of Chapter I , but again the time delay coming out of 
saturation was a disadvantage because the way to eliminate 
or significantly reduce dead zone is to saturate the driving 
amplifier and consider it as part of the "relay" . Then the 
length of time the error signal can linger in the dead zone 
is reduced to nearly zero and the typical "bang-bang" 
performance of a near-ideal relay can be realized. 

As an interesting sidelight, a Sensistor* stabilized, 
four stage, transistor differential amplifier was built and 
tested. This too was found to be more than capable of 
driving the system. But temperature drift was excessive, 
perhaps due to a lack of component balancing. It was 
discovered that when this amplifier was operated with 
position feedback only, in cascade with the power amplifier , 
and on the verge of a limit cycle, the system would act as a 
crystal receiver. Circuit leads acted as the antenna and the 
many intrinsic nonlinearities served to detect the signal which 
was then amplified and fed to the armature winding which acted 
as a speaker. The broadcast from the local radio station then 
emanated from the motor with sufficient volume to be audible 
and intelligible to a distance of several feet. This intriguing 
phenomenon was a source of much entertainment to fellow 
students and faculty members alike, 
trademark, Texas Instruments 
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It was decided that a small, simple, transistorized 



preamplifier with excellent saturation characteristics (no 
phase shift) and good temperature stability would be the 
most desirable driver. Accordingly, the amplifier depicted 
in Fig. II— 1 —1 was built. The design is similar to Liu's but 
has better frequency response and saturation characteristics. 6 
The 22K ohm resistor is critical for good saturation characteristics. 
The 2N1719 was mounted on a large heat sink. The amplifier 
was operated for short durations at + 30 volts but the + 24 
volts is the recommended maximum for normal use. The 
saturation characteristics are excellent up to a nominal gain 
of 100. That there is negligible temperature drift is quite 
remarkable since there is no temperature control other than 
the heat sink. Current requirements are between 100 and 150 
milliamperes at full load. The output is more than sufficient 
to supply the input power for the Darlington amplifiers. 
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2. Observation of switching characteristics. 



The two cascaded transistors on each side of the full 
Darlington configuration can be conveniently treated as one 
equivalent transistor with lumped parameters . The transistor 
characteristics for these equivalent transistors are essentially 
the same as for the second stage power transistors taken 
separately, i.e. , the two transistor "relay". The major 
exception is that these equivalent transistors each have a 
current gain which is the product of the two cascaded trans- 
istors, an order of magnitude of 2500-3000. Hence the four 
transistor "relay" has the same intrinsic dead zone and k x as 
the two transistor "relay" of Chapter I, but a current gain approach- 
ing that of a conventional amplidyne . The effect of adding 
resistance to the collector circuits, or in series with the 
armature, is identical to the effect with the two transistor 
"relay". The same is true regarding resistors in the base 
circuits, or diodes in the base circuit. And this system can 
be compensated in an analogous manner. The hysteresis effect 
is unchanged and varies with and f^ as before. Hence the 
four transistor "relay" has the same flexibility, and the same 
intrinsic problems with hysteresis effects, as the two 
transistor "relay". If the dead zone is increased with diodes, 
or if the dead zone is increased and k^ reduced by increasing 
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Rj-,, then there is a direct increase in the hysteresis effect. 
Therefore, the extreme flexibility in the choice of switching 
characteristics has little application outside of the 
classroom unless space and weight are at a premium. Then 
even the worst possible case of a quasi-linear amplifer 
with dead zone and hysteresis might well become an 
attractive vehicle for some approximate linear control scheme 
because in spite of all the inherent drawbacks, system 
performance is, in general, still "good”, and the motor 
responds "sharply". The difficulty arises in attempting to 
predict the phase shift and reducing dead zone. However, 
for more normal applications, the complementary symmetry 
of the Darlington configuration is fundamentally a switching 
circuit and not a strong competitor in the field of linear 
control . 

The four transistor "relay" was operated open loop with 
a triangular driving function and observations were again 
made on the oscilloscope. Fig. II— 2 — 1 is a series of time 
exposures of the traces obtained with a nominal gain of K a = 1. 
Fig. II-2-l(a) illustrates that the driving amplifier was 
operating linearly and that true gain was approximately .8 of 
the nominal gain. 
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With Ein = 4 volts and K a = 1 , E^ equals about 4 volts 
which is equivalent to the .2 Ep^ used so extensively in 
section 1-2 for the two transistor "relay. " Also f^ = . 6 Hz 
was chosen for the observation of aU the switching 
characteristics so that further direct comparisons to Chapter I 
could be made. Fig. II —2 — 1 (b) shows the now familiar 
hysteresis effect. The only improvement (or difference) is 
that k x has been doubled by increasing the supply voltage 
from 6 to 12 volts. Since the driving amplifier changes the 
sign of the signal, figure II — 2 — 1 (b) is correctly depicted as 
+e^ n vs e m and the right half is still the PNP side. The 
asymmetrical distribution of the normal 1 volt dead zone 
appears to be offset to the NPN side by more than the usual 
amount. This is because the driving amplifier, and/or the 
driving function generator, were not both precisely balanced. 
This is a common feature of all the observations of this 
section, hence no significance should be attached to the 
distribution of the dead zone relative to zero. The bulk of 
the dead zone remains on the NPN side, wherever the dead 
zone may be located relative to zero. This ability to relocate 
the dead zone by adjusting the driving amplifier balance is 
one more extremely desirable feature of the four transistor 



"relay". Fig. II-2-l(c) shows the net phase shift from e- 
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to the output at the potentiometer, e out . This picture was 
obtained by purposely offsetting the amplifer balance and 
carefully adjusting the setting so as to stop position drift 
long enough to get a time exposure. The blank distance was 
caused by the oscilloscope triggering during the particular 
cycle being photographed. At this low gain setting the 
balance control is extremely sensitive and hence the 
observation of e^ n vs e out was both tedious and time 
consuming.,. However, at higher gains the balance control 
is increasingly less sensitive and it is not a significant 
chore to stop the position drift for short durations of time. 
For all observations of ei n vs e Qut the procedure was to 
adjust the balance control to stop the drift and then to reset 
the vertical position of the oscilloscope to approximate 
center, and then to take the photograph as quickly as 
possible. Hence in all observations of e^ n vs e ou t no 
significance should be attached to the vertical offset 
relative to zero. 

Fig. II-2-2 is a series of time exposures with the 
nominal gain increased to K a = 10. Fig. II-2-2(a) shows 
that the driving amplifier was saturating slightly and that it 
introduced no phase shift. Fig. II-2-2(b) illustrates the 
effect of the i'npedance mismatch, which was accepted to 
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keep Rb as small as possible. As always, it seems, the PNP 
side is favored. Indeed in view of dead zone, V ce sat , 
current gain, and now the effect of impedance mismatch, the 
PNP side can be literally called the "strong" side. Fig.(s) 
II-2-2(c) and (d) illustrate the reduction in dead zone and 
hysteresis effect. The dead zone is now about .1 volt wide 
as opposed to the usual 1 volt with the two transistor "relay". 
Thus a convenient rule of thumb is established. The overall 
width of the dead zone in volts is equal to the reciprocal of 
the nominal gain of the driving amplifier. The blank distance 
in Fig. II-2-2(e) is caused by the potentiometer arm passing 
through its dead space. This can be avoided by simply 
applying an arbitrary 0^ n manually and repeating the 
observation. The overlap illustrates the position drift. 

Fig. II— 2— 3 is a series of time exposures with the 
nominal gain increased by another factor of 10 to K a = 100. 

The saturating amplifier is now being driven hard into 
saturation, but still without phase shift. The slight phase 
shift when loaded is on the PNP side and is probably caused 
by the back emf effect feeding back through the "strong" side 
all the way to the preamplifier. Dead zone is now about .01 
volts wide and the overall hysteresis effect has been virtually 
eliminated. It is submitted that for most practical applications, 
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and quasi-theoretically too, this is an ideal relay. 



Fig. II —2—4 is a series of time exposures with the 
nominal gain increased by yet another factor of 10 to K a = 1000. 
This is beyond the capability of the driving amplifier, and 
hence the indicated imbalance is the minimum degree 
possible. The balance control was set all the way to its 
mechanical stops. The hysteresis effect on the PNP side 
when loaded also increases somewhat. The dead zone is now 
less than .01 volts wide but greater than .001 volts because 
the rule of thumb for determining dead zone does not apply 
unless the preamplifier can be balanced. Fig. II-2-4(d) 
indicates that the switching characteristics may overlap. 
However, it is difficult to be sure because e m traverses the 
dead zone so rapidly that it is nearly impossible to record 
a time exposure of the switching characteristic. 

The traces of e^ n vs e Qut are particularly revealing. 

They are all practically identical when the driving amplifier 
has a high enough gain to saturate. But this is exactly the 
same as operating the two transistor "relay" in the vicinity 
of Ep^. Hence e in vs e Qut shows the linear phase shift of 
the system together with backlash. 

It is concluded that by making small, and saturating 
the driving amplifier without a phase shift, dead zone and 
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hysteresis effects can be virtually eliminated. The four 
transistor "relay" then has the properties of a highly 
idealized relay with practically no hysteresis, and a dead 
zone of an order of magnitude of 10 to 100 times less than 
a run-of-the-mill mechanical relay. And the four transistor 
"relay" has sufficient current gain to operate a rather 
substantial, permanent magnet, DC motor at a high 
performance level using only conventional unregulated power 
supplies, or even batteries, for that matter. 
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3. The describing function 

The describing function for the four transistor "relay" was 
sought primarily to verify its performance as a near-ideal 
relay. The procedures of Chapter I were repeated, with 
K a = 100. Fig. II— 3—1 is a Nichols plot of the results at .6 Hz. 
Actual computations indicate a relative phase shift of about 
2.5 degrees, as close to the theoretically perfect vertical as 
anyone is likely to encounter experimentally. Since 
includes the system backlash, it is again concluded that for 
most practical applications, this is an ideal relay. 
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4. Open loop frequency response 

The open loop frequency response of the system was taken 
by driving the summing amplifier with a sine wave of four 
volts peak amplitude. Summing amplifier nominal gain was 
100, which when multiplied by the final amplifier gain of 
about 2500, gave an overall gain of roughly 250,000 to a 
small signal input. Since the output voltage is limited to 12 
volts, the minimum gain was three. 

Analysis of the data plotted on Fig. II— 4 — 1 reveals that 
the three db bandwidth is 0.4 cycles per second. The band- 
width of the two transistor "relay" was found to be 0.3 cycles 
per second. This increase in bandwidth is due to the longer 
time per cycle spent in saturation when using this near-ideal 
"relay. " Again, the phase curve shows the additional phase 
lag due to backlash and other nonlinearities. 

The open loop step response is shown in Fig. II -4-2. The 
time constant is seen to be 0.4 seconds which confirms the 
frequency response data. Using this value of 0.4 seconds, 
the open loop transfer function is found to be approximately 

K . 
s(s + 2.5) 



87 



I 










88 





89 . 




5. Closed loop frequency response 

Closed loop frequency response data were taken using 
the circuit configuration shown in Fig. II — 1—1 . The gain of 
the summing amplifier was set to four, to Just avoid a limit 
cycle. The driving function was a sine wave of four volts 
peak amplitude. Under these conditions the three db band- 
width was found to be 1.3 cycles per second. The plot of 
the frequency response, including the Jump resonance, is 
shown in Fig. II —5—1 . 
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6. Phase trajectories 



The phase trajectories for this near-ideal "relay” were 
taken in the same manner as previously done for Chapter I. 

The results, however, are much more typical of those expected 
for an ideal relay servo. 

The value of 100 used for the gain of the summing 
amplifier was chosen over that of 1000 because the voltage at 
the summing junction is excessive at the latter gain value. 

The effect of this voltage is readily seen in Fig. II— 6—4 . 

(Note that negative error voltage is greater than the initial 
positive error voltage . ) 

Fig. II— 6—1 through Fig. II— 6— 4 show the effects of 
increasing gain, while Fig. II— 6— 5 shows the effect of 
increasing tachometer feedback while holding position feed- 
back constant at a summing amplifier nominal gain of 100. 

Note the more sharply defined switch points over those shown 
in Fig. 1-6-1 through 1-6-6 for the two transistor "relay. " 
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7. Transient responses 

The employment of this near-ideal "relay" has resulted 
primarily in better servo performance. It must be noted that 
the more ideal a relay is made to be, the higher the frequency 
and the lower the amplitude of the limit cycle. For this 
section, an amplifier nominal gain of 100 was used for 
position feedback. Fig. II— 7— 1 shows the step response 
using two different amounts of tachometer feedback. Fig. 

II— 7— 2 shows the error signal at the output of the summing 
amplifier while a triangular wave is applied as the control 
signal. The high frequency noise is a result of the more 
ideal "relay" and the relatively noisy tachometer output. 



95 




(dS) Mo -/-<xc.U ot^t<sJ-cr’ -/^oecJ^ac-k. 




(fr) ft* 3 AT* 

/"/&. JE~ 7 m A T/h^e res/zosisQj /y» r VJ2* 



96 . 




9 



97 







Ill 



"BANG-BANG" CONTROL OF ANY DC MOTOR WITH A FOUR 
TRANSISTOR "RELAY" 

To verify the hypothesis that the complementary symmetry 
transistor "relay" could be used to control any standard DC 
motor, a different test motor was obviously required. A split- 
field series motor manufactured by Universal Electric for 
Barber-Colman was substituted for the permanent magnet 
motor previously used. The field windings and the armature 
winding were made accessible so that any standard DC motor 
could be soft-wired. Name plate data was as follows: .0026 

hp at 4100 RPM, 27 volts, 0.5 amps, continuous duty. The 
four transistor "relay" was then used as a "bang-bang" 
controller. Fig. Ill — 1 shows each hook-up. The transistors 
are the equivalent transistors of the four transistor "relay. " 
The driving amplifier, indicator lights, fuze, gear train, 
potentiometer, and tachometer, have all been omitted in 
Fig. Ill— 1 to simplify the illustrations. 

The switching characteristics were observed briefly on 
the oscilloscope to verify the ideality of the relay action. No 
attempt was made to eliminate or reduce the usual inductive 
transient effects with either diodes or a shunt resistor. Brief, 
visual observations were made to determine if bidirectional 



98 



motion was achieved and if the response was sharp and tight. 
In every instance, the motor was controlled both open loop 
and closed loop, and the response appeared to be good. 

Hence it was concluded that it was feasible to use the four 
transistor relay as a "bang-bang" controller for any type of 
DC motor. 

Fig. III-l(a), (b) and (c) are shunt motors and system 
performance is somewhat similar to the permanent magnet, DC 
motor. This is especially true, of course, with the circuit of 
Fig. III-l(a). However, the series motors of Fig. III-l(d), 

(e) and (f) have response characteristics which are markedly 
different from those of the shunt machines. Fig. Ill- 2 shows 
phase trajectories and step responses for the split-series 
motor of Fig. III-l(d). The extreme non-linearity of the 
series motor is apparent from the behavior of the system. In 
general, it can be said that the current squared torque 
characteristic of the series motor makes it attractive for many 
fast response types of application. However, Fig. Ill— 2 
clearly illustrates that when tachometer feedback is used to 
eliminate the limit cycle, the time required to reach steady 
state is not significantly reduced any further. When selecting 
a DC motor for a particular application , it should be borne in 
mind that with the permanent magnet motor, or other shunt type 
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machines, the time required to reach steady state is 



appreciably reduced by increasing the amount of tachometer 
feedback (up to the point yielding minimum time) . The 
minimum time which may be thus achieved, with the 
permanent magnet motor, for example, is comparable to the 
inherently, much faster response of the series motor. 
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CONCLUSIONS 



The primary objective of transitor synthesizing a near- 
ideal relay was attained. An ideal relay can, in principle, be 
realized by an infinite gain, zero dead zone, saturated, 
symmetrical transistor amplifier. The final circuit, the four 
transistor "relay" , has a dead zone of 10 millivolts at a 
current gain of about 250,000 and a voltage gain of 1200. 
Under these conditions the intrinsic hysteresis due to load 
effects on the collector voltages is negligible. Dead zone 
and hysteresis can be further reduced by increasing the 
forward gain. 

The four transistor "relay" allows flexibility in switching 
characteristics. However, this flexibility is not likely to 
find wide application outside the classroom. 

A relay servo system using the four transistor "relay" as 
the "bang-bang" controller, may be compensated by 
tachometer feedback or cascade compensation in the same 
manner and with the same general effect as with conventional 
mechanical relays. 

The four transistor "relay" may be used to control any 
type of standard DC motor. The resulting system performance 
will be as expected for a near-ideal relay. 
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The only apparent limitation on the size of the DC motor 
which may be controlled with the four transistor "relay" is 
the state of the art limits on transistor maximum power, 
current and voltage ratings . 
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RECOMMENDATIONS 



1 . That dead zone be further reduced by development of a 
high power operational amplifier or by use of biased diodes 
in the output transistor stage. 

2. That the state of the art be continuously monitored to 
ascertain the availability of high power transistors and silicon 
controlled rectifiers to provide control of large DC motors. 

3. That the application of transistor "relays" for AC servo 
motor control be investigated. 

4. That this four transistor "relay" be tested in a digital 
control loop. 

5. That a joint thesis project be undertaken by an operations 
analyst and an electrical engineer to determine the cost 
effectiveness of a transistorized relay servo vs a mechanical 
relay servo. 

6. That the current four transistor "relay" training aid being 
evaluated in the servo laboratory be further modified to 
increase its value as an aid to understanding various types 
of nonlinear control and as a test vehicle to implement the 
preceding recommendations. 

The subject for this thesis was suggested by Professor 
George J. Thaler, Department of Electrical Engineering, 
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U. S. Naval Postgraduate School. The authors wish to extend 



their appreciation for his counsel and patience during the 
course of this investigation. 
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